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Introduction




Problem Setting

Toptie plte
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Fuel Assembly (9 x 9 type)
72 fuel rods are ¥
bundled with \

tie plates and
spacers. b

Weight: Approx. 300kg

< A metal pipe
contains 350
pellets with both
ends plugge
Those pellets are
fixed with springs.

Pellet

I3

electricity by that

could support a
old

months. -

(a) Visualization of a Hohlraum (b) Assembly for a Boiling Water Reac-

tor

@ Particles passing through a static material medium are absorbed, scattered,
or emitted by the material.

@ Particles are characterized by a kinetic density f(x, E, 2, t) where

>

vvyy

x € X C R® is the particle position

E € (0,00) is the particle energy

Q € $? is the particle direction of flight
t > 0 is time
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Linear Transport Equation

@ Cauchy problem for the kinetic density f(x, Q, t):

Yy VY VY VY

absorption scattering
A~ —_——
Of +Q-Vif+ o.f _|_0-s(f_f): q
M ~—
advection interactions source

f(X,Q,O) = g(Xvﬂ)

Mono-energetic particles with speed 1 (single group, so independent of E)
domain: x € R*, Q € §?, t € [0, 0)

cross-sections: ¢, and o are absorption and scattering cross-sections
angular average: f =L [, f(x,Q, t)dQ

source (emitting particles): g
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Linear Transport Equation

@ Cauchy problem for the kinetic density f(x, Q, t):

absorption scattering
A~ —_——
Of +Q-Vif+ o.f _|_0-s(f_f): q
M ~—
advection interactions source

f(X,Q,O) = g(Xvﬂ)

Mono-energetic particles with speed 1 (single group, so independent of E)
domain: x € R*, Q € §?, t € [0, 0)

cross-sections: ¢, and o are absorption and scattering cross-sections
angular average: f =L [, f(x,Q, t)dQ

source (emitting particles): g

Yy VY VY VY

@ Assumptions: static material, isotropic scattering, no absorption (o, = 0)
and no source (g = 0)

Of +Q-Vf +o,(f—F)=0
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Applications

Photons (fusion reactors, radiation
in clouds, radiotherapy)

Neutrinos (core-collapse supernova)

Neutrons (fission reactors, imaging
and scattering experiments)

Visualization of a Hohlraum

Fuel Asembly (99 type) [rudno]
Bollng Wnter a
ing

eactor

Assembly for a Boiling Water Reactor

Electron transport in materials
(semi-conductors, radiotherapy)

Plasma simulations (fusion, plasma
switches, space weather)
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Numerical Challenges

@ High dimensional space: x € R3, Q € S?, 5D
@ Coupling to the medium: nonlinearity, e.g. oy(f).

@ Multiscale dynamics: diffusive, streaming, and transition regimes
» Diffusive scaling
* "strong scattering’: o5 — e log
* "long-time dynamics”: t — et
> Scaled equation (WLOG, os = 1)
1 -
€of +Q-Vif+=(f—f)=0

€
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Transport in 1-D

@ Slab transport: the kinetic density f(x, x1, t) is the solution to

gatfwaxul(f—:?):o (1)

€

v

x € [—m, m): scalar coordinate along the axis

Q
perpendicular to a material slab; add periodic /
boundary condition : X

» p € [—1,1]: the cosine of the angle between H
the x-axis and the direction of particle travel

» f= %filf du: angular average

» ¢ > 0: a scaling parameter measuring the relative strength of different
processes

» initial condition f(x, i, 0) = g(x, p)
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Transport in 1-D

@ Slab transport:
1 -
€Of + poxf + =(F—71)=0 (1)

€

@ Denote the evolution operator as
1 -
T:fr— (u@xf—l- —(f - f))
€

then (1) becomes

€O f =TF.
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Spectral Approximation (Angular Discretization)

@ Spectral approximation on u: collision — smoothness

@ Legendre expansion for f in u:

o0

1
f(X7M7 t) :Zfﬁ(x t)pg(,u), fﬁ(Xv t) = / p[(ﬂ)f(X,/L, t)dﬂa
-0 J—1

where pg(1) are the normalized Legendre polynomials, which satisfy

Wpe = agpe+1 + ae—1pPe—1.

@ The coefficients/moments f; correspond to the physical quantities.
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Spectral Approximation (Angular Discretization)

@ slab transport:

1
€0 f + Oy f + ?(f— =0

@ Moment equations (infinite system):

€0¢fy + agOxf = 0, {=0;
€0ify + agOxfrin + ap—10xf_1+ 2, =0, (>1.

@ Py equations (closure of moments):

eanN + azaxféﬁl—l =+ aZ—laxlexl + %fZN =0, I<{<N-T

eDefy! + a0 fY = 0, (=0
€0 fy + an_10xfy 1 + 1) =0, 0= N.
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Motivation




Diffusion Limit

o Diffusion Approximation: in diffusive regimes (high scattering ¢ < 1)

1
/ f(x,p)du

-1

f=p+0(e), p=

N~

Oep — Ox (;@p) =0

Formal results based on Hilbert expansion:

» Larsen and Keller 1974
» Habetler and Matkowsky 1975

@ Rigorous analysis

» Blankenship and Papanicolaou 1978
» Bardos, Santos and Sentis 1984

@ Cheap

@ Inaccurate in non-diffusive regimes
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Transition Regimes

e 0<e<l butnotexk1
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Transition Regimes

@ 0<e<l1 butnotexk1

@ Classical error estimate for spectral method:

C(t)
Na

Hf(’ ) t) - fN('7 ) t)||L2(dXd/,L) <
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Transition Regimes

@ 0<e<l1 butnotexk1

@ Classical error estimate for spectral method:

(1)

Hf(’ ) t) - fN('7 ) t)||L2(dXd/,L) <

@ Question: A good ¢ dependent estimate?

Na
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Transition Regimes

@ 0<e<l1 butnotexk1

@ Classical error estimate for spectral method:

C(t)
Na

Hf(’ ) t) - fN('7 ) t)||L2(dXd/,L) <

@ Question: A good ¢ dependent estimate?

Guess: for0 < e <1,
e =f— V=0
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Errors of Py methods

Ni=f-fN=n+¢

@ Consistency error

= - P(F) = 3 filx Opiln)

{=N-+1

@ Stability error
§:= —fN = Zfz x, t)pe(p

with moment error
N
Se="Fo— 1.
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Numerical Observation

Example: Consider

€Ocf + poxf +1f = 1f t € (0,1],

for [x, u] € [-m,m) x [—1,1], with periodic boundary condition and three different
initial conditions:

)

gt ,

(14— p) (1+ 15,500

g® = (14— 1?) (1+cosx 1z 51(x) .
)

N———

g® =1 +p—p?) 1+ cosx).
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£

€ fON order le order sz order f3N order f4N order
0 1 2 3 4
1/2 1.45E4-00 1.01E-01 3.16E-02 1.36E-02 1.15E-02
1/8 1.44E4-00 0.00 2.22E-02 1.09 1.47E-03 221 1.10E-04 3.47 1.34E-05 4.87
1/32 1.44E+4-00 0.00 5.50E-03 1.01 9.06E-05 2.01 1.66E-06 3.02 4.74E-08 4.07
1/128 1.44E+00 0.00 1.37E-03 1.00 5.66E-06 2.00 2.59E-08 3.00 1.84E-10 4.00
1/512 1.44E4-00 0.00 3.44E-04 1.00 3.54E-07 2.00 4.05E-10 3.00 7.18E-13 4.00
pe)
€ Al order N order N order N order f4N order
1/2 1.27E4-00 8.69E-02 2.83E-02 9.81E-03 5.35E-03
1/8 1.27E4-00 0.00 1.83E-02 112 1.34E-03 2.20 1.17E-04 3.20 1.27E-05 4.36
1/32 1.27E+00 0.00 4.52E-03 1.01 8.21E-05 2.01 1.77E-06 3.02 4.70E-08 4.04
1/128 1.27E+00 0.00 1.13E-03 1.00 5.13E-06 2.00 2.76E-08 3.00 1.83E-10 4.00
1/512 1.27E400 0.00 2.82E-04 1.00 3.20E-07 2.00 4.31E-10 3.00 7.14E-13 4.00
£
€ fON order le order sz order f3N order f4N order
1/2 1.09E+4-00 1.53E-01 3.91E-02 1.15E-02 3.95E-03
1/8 1.06E+00 0.02 3.48E-02 1.07 2.25E-03 2.06 1.43E-04 3.17 9.04E-06 4.39
1/32 1.06E+00 0.00 8.62E-03 1.01 1.39E-04 2.01 2.21E-06 3.01 3.47E-08 4.01
1/128 1.06E+00 0.00 2.15E-03 1.00 8.69E-06 2.00 3.44E-08 3.00 1.36E-10 4.00
1/512 1.06E+00 0.00 5.39E-04 1.00 5.43E-07 2.00 5.38E-10 3.00 5.30E-13 4.00

Table: Convergence rate of the coefficients fZN in L2 norm for P; method at t = 1.

i~ £ = ),

4

=0,1,...,N.
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i~ £ = (),

o 7= O(N*t1). This is expected.

4

=0,1,...,N.
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Table: Convergence rate of the coefficients fZN in L2 norm for P; method at t = 1.

i~ £ = (),

o 7= O(N*t1). This is expected.
e What about £? And e"?

4

=0,1,...,N.
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£

€ Py error order Py error order P53 error order Py error order Ps error order
1+1=2 24+1=3 34+1=4 44+1=5 5+1=6

1/2 5.62E-02 3.00E-02 1.86E-02 1.37E-02 1.09E-02
1/8 2.05E-03 2.39 1.18E-04 4.00 1.35E-05 5.21 2.34E-06 6.26 4.42E-07 7.30
1/32 1.26E-04 2.01 1.67E-06 3.07 4.74E-08 4.08 2.00E-09 5.10 9.30E-11 6.11
1/128 7.88E-06 2.00 2.59E-08 3.00 1.84E-10 4.00 1.94E-12 5.01 2.25E-14 6.01
1/512 4.93E-07 2.00 4.05E-10 3.00 7.18E-13 4.00 1.89E-15 5.00 5.49E-18 6.00

£

3 Py error __order | P, error  order | Pz error _ order | Py eror  order Ps _error order

1/2 3.79E-02 1.32E-02 6.05E-03 3.28E-03 2.03E-03
1/8 1.96E-03 214 1.20E-04 3.39 1.27E-05 4.45 1.54E-06 5.53 1.97E-07 6.66
1/32 1.21E-04 2.01 1.77E-06 3.04 4.70E-08 4.04 1.41E-09 5.05 4.44E-11 6.06
1/128 7.53E-06 2.00 2.76E-08 3.00 1.83E-10 4.00 1.37E-12 5.00 1.08E-14 6.00
1/512 4.70E-07 2.00 4.31E-10 3.00 7.14E-13 4.00 1.33E-15 5.00 2.63E-18 6.00

NE)

€ Py error order Py error order P3 error order P, error order Pg error order

1/2 4.70E-02 1.28E-02 4.01E-03 1.10E-03 2.50E-04
1/8 2.79E-03 2.04 1.44E-04 3.24 9.04E-06 4.40 5.69E-07 5.46 3.57E-08 6.39
1/32 1.74E-04 2.00 2.21E-06 3.01 3.47E-08 4.01 5.46E-10 5.01 8.56E-12 6.01
1/128 1.08E-05 2.00 3.44E-08 3.00 1.36E-10 4.00 5.32E-13 5.00 2.09E-15 6.00
1/512 6.78E-07 2.00 5.38E-10 3.00 5.30E-13 4.00 5.20E-16 5.00 5.00E-19! 6.00

Table: Convergence rate of the L? error for Py to Ps methods (compared with as a reference solution
from Pgs) at t = 1.

eN=f— N =0(NH1)

1Multiprecision Computing Toolbox for MATLAB by Advanpix LLC. with 250 digits is used.
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£

€ 56\’ order §£V order {9’ order Eév order E‘I‘V order
2x4=28 2xXx4+1=9 2XxXx4=28 2X4—-1=7 2X4—-2=6
1/2 5.48E-03 3.36E-03 4.63E-03 4.02E-03 5.79E-03
1/8 5.30E-08 8.33 1.08E-08 9.12 1.85E-08 8.96 8.13E-08 7.80 4.26E-07 6.86
1/32 7.16E-13 8.09 3.44E-14 9.13 2.14E-13 8.20 4.41E-12 7.09 9.30E-11 6.08
1/128 1.08E-17 8.01 1.30E-19 9.01 3.21E-18 8.01 2.67E-16 7.01 2.25E-14 6.01
1/512 1.65E-22 8.00 4.95E-25 9.00 4.89E-23 8.00 1.63E-20 7.00 5.50E-18 6.00
£2)
€ 5(’)\1 order §{V order {9’ order 59’ order 52’ order
1/2 7.92E-04 4.15E-04 7.04E-04 7.69E-04 1.24E-03
1/8 1.76E-08 7.73 4.01E-09 8.33 5.46E-09 8.49 2.66E-08 7.41 1.93E-07 6.32
1/32 2.24E-13 8.13 1.28E-14 9.13 6.00E-14 8.24 1.50E-12 7.06 4.44E-11 6.05
1/128 3.38E-18 8.01 4.82E-20 9.01 8.97E-19 8.01 9.11E-17 7.00 1.08E-14 6.00
1/512 5.15E-23 8.00 1.84E-25 9.00 1.37E-23 8.00 5.56E-21 7.00 2.63E-18 6.00
Fe)
€ 5(’)\’ order 5{\’ order {é\l order {é\l order {i\l order
1/2 2.81E-07 1.11E-06 7.75E-06 4.68E-05 2.41E-04
1/8 1.01E-10 5.72 2.26E-12 9.46 1.43E-10 7.86 2.25E-09 717 3.56E-08 6.36
1/32 1.59E-15 7.97 5.94E-18 9.27 2.14E-15 8.01 1.35E-13 7.01 8.57E-12 6.01
1/128 2.43E-20 8.00 2.20E-23 9.02 3.26E-20 8.00 8.23E-18 7.00 2.09E-15 6.00
1/512 3.71E-25 8.00 8.36E-29 9.00 4.97E-25 8.00 5.02E-22 7.00 5.10E-19 6.00
Table: Convergence rate of the L2 error £} of the coefficients ) for P, method at t = 1.

& =

_fe/V:

O(62N)
O(€2N+27£)7

/=0;
£=1,...,N.

e Formal ¢V = O(e2N+1) [Larsen, Morel and McGhee 1996]

e Formal ¢/ =

O(e2N+2=4) for £ > 1 [Hauck and Lowrie 2009]
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Observations

For all three initial conditions,
1. eV = O(eN ) INHT + .
2. a) & =0

2N F o .
b) other £} = O(V ) =
3. N =0(") T
N+3 + °
N+2 + °

Super convergence is important, because
the low order moments correspond to the L N
important physical quantities.
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Theoretical results: isotropic i.c.




Theoretical results (isotropic i.c.)

Theorem (Multiscale convergence)

Given isotropic initial condition g € H*(dx), there exists an absolute constant A\ s.t.

A1t At
I = £l (8) < Bl@)e™ & + C(Bug)VEe™  +D(g, N, )",

Moreover,
Aqt
C(0«g)Vte < + E(g,N,2,t)?", £=0
1fe — £ 2a (t) < gt et
C(0xg)Vte < + E(g,N, £, t)e" ¢ 1<e<N.
Notice, \; = %; D(g,N,t) and E(g, N, ¢, t) are positive and bounded for any t > 0,

and exponentially decreasing w.r.t t for t big enough. 2

2Chen, Z., & Hauck, C. (2019). "Multiscale convergence properties for spectral
approximations of a model kinetic equation.” Mathematics of Computation, 88(319), 2257-2293.
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Errors of Py methods

Ni=f -V =n+¢

@ Consistency error

n:="Ff—P(f) = Z fo(x, t)pe(p2)

£=N+1

@ Stability error
§:= — V= Zi@ X, t)pe(

with moment error

Eo=1f— N
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Errors of Py methods

Ni=f -V =n+¢

@ Consistency error

n:=1Ff—"P(f Z fo(x, t)pe(u
£=N+1
@ Stability error
§:= — V= Zi@ X, t)pe(p
with moment error
&o="f— N

The equation for ¢ is
€0 = PTE — anpnOx 1.

17/38



Asymptotic estimates on f;

Lemma

Given isotropic initial condition g € L?(dx), the coefficients f;(t, x) of the solution
fN to the Py equations satisfy

gt

HfZHLQ(dX)(t) < B(g)e <+ C(gvgv t) Eev £>0.

Notice, A\; = 4—15; C(g,¥,t) is bounded for any t > 0 and is monotonically
decreasing w.r.t. t.
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Some ideas

@ Energy dissipation (periodic b.c.)

) o 2 o
0y Il =-5 Ifl? <0
¢=0 /=1
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Some ideas

@ Energy dissipation (periodic b.c.)

) o 2 o
0y Il =-5 IRl <0
¢=0 /=1
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Some ideas

@ Energy dissipation

o0 2 o0
0y |6P==5> IAI? <0
£=0 £=1

@ Formal analysis

1
€0ify + apOifop1 + ap—10xf—1 + Efe =0
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Some ideas

@ Energy dissipation

o0 2 o0
0y |6P==5> IAI? <0
£=0 £=1

@ Formal analysis - regularity

1
€0¢fp + apOyfop1 + ap—10<fo—1 + Zfe =0
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@ Fourier Analysis: 0, — ik
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Some ideas

@ Energy dissipation

o0 2 o0
0y |6P==5> IAI? <0
£=0 =1

@ Formal analysis - regularity

1
€0¢fp + apOyfop1 + ap—10<fo—1 + Zfe =0

@ Fourier Analysis: 0, — ik, and then for (¢, k)-spectral coefficients,

oo 2 oo
0y Mokl =5 Iferl”
£=0 /=1

. . 1
€0¢fo i + agikfyp1 o + ag—1ikfo_1 4 + Eff,k =0.
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Some ideas

@ Energy dissipation

9e Y Ifi? :—Z\ﬂzl2<0

£=0

@ Formal analysis - regularity

1
€0¢fp + apOyfop1 + ap—10<fo—1 + Zfe =0

@ Fourier Analysis: 0, — ik, and then for (¢, k)-spectral coefficients,
00 Y Mfeal? = =5 D Ifunl?
£=0 =1

. . 1
€0¢fo i + agikfpp1 o + ag—1ikfp_1 x + Eff,k =0.

Separate frequencies to control the growth rates mode by mode, and then
sum up over frequencies k.
19/38



@ Prof. David Levermore points out the hypocoercivity.
o [Dolbeault, Mouhot and Schmeiser 2015] the exponential rate of
convergence to the equilibrium (unscaled linear kinetic equations)

Hypocoercivity

Example: P; with kK = 1:

-2

-3
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Hypocoercivity

@ Prof. David Levermore points out the hypocoercivity.

o [Dolbeault, Mouhot and Schmeiser 2015] the exponential rate of
convergence to the equilibrium (unscaled linear kinetic equations)

@ Example: Py with k = 1:

2}

-3t
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Hypocoercivity

@ Prof. David Levermore points out the hypocoercivity.

o [Dolbeault, Mouhot and Schmeiser 2015] the exponential rate of
convergence to the equilibrium (unscaled linear kinetic equations)

@ Example: Py with k = 1:

2}

-3t
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Hypocoercivity

@ Rewrite energy dissipation as

2

Ky I 2
OeHy (F) = — S Hi (F). Hf (u) = z;j'““‘
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Hypocoercivity

@ Rewrite energy dissipation as

2

OeHg () = = Hy ().

€2

., 3
2P,
(\‘ \
2 A N i
q

@ The modified energy is

(H§ + h%)(u) and hg(u):_rgom(uo,ku;k)

is a real-valued compensating function
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Hypocoercivity

@ Rewrite energy dissipation as

2 r

OHE(F) = — S HE(P).

@ The modified energy is

(H§ + h%)(u) and hg(u):_r;)lm(uo,ku;k)

is a real-valued compensating function satisfying
- equivalence

(1= 2)HS(u) < (HE + H)(w) < (1+ ) (u);
- time derivative

k 3 k
Oehls(u) < v *7|U0k‘ +( +83k)‘ul,k|2+§|u2,k‘2
%,_/

"magic” " trade-off”
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Initial estimates on f;

@ Method of modified energy (MME): (v + f)
2
0 (HEF) +14() < 2 HE(H) = 3 el feul?
=0

where
1~k 3y 1 1k

o= ok c — c =
T YT 2 T 4 88k’ T2 e

For each k, choose suitable +, and find positive lower bounds on {c%,-},gzo.
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Initial estimates on f;

@ Method of modified energy (MME): (u + f)

0 (HEF) +14()) < 2 HE(H) = 3 el feul?

where
vk 1~k 3y 1 1k

Cy,0 = 5 Cyv1=—F— — — == Cyo2 = —& .
w 16€ v e 4e  8e3k’ " e be

For each k, choose suitable +, and find positive lower bounds on {c%,-},gzo.

(i) High frequency: (ke > 1/2)

= ,Yhigh - i
’ " ke
2Xqt

Hg (f)(t) < 6Hg(g) e <
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Initial estimates on f;

@ Method of modified energy (MME): (u + f)

0 (HEF) +14()) < 2 HE(H) = 3 el feul?

where
vk 1~k 3y 1 vk

Cy.0 = 7, Cy1 = Cy2 = —& .
w 16¢ v e 4e  8e3k’ " e be

For each k, choose suitable +, and find positive lower bounds on {c%,-},gzo.

(i) High frequency: (ke >1/2) (i) Low frequency: (0 < ke < 1)

; 1
=t~ = = ke
€

2Aqt _ 2
HE(F)(t) < 6HE(g) e & Ho (F)(t) < 6Hg (g) e ™"
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Initial estimates on f;

@ Method of modified energy (MME): (u <+ f)

(i) High frequency: (ke > 1/2) o 1S ,
HE(F) = 5 > Ifesd
Ho (F)(t) < 6Hy(g) e =0
I
fo
(i) Low frequency: (0 < ke < 1) { sum over k
fe

_ 2
Ho (F)(t) < 6Hg (g) e 22"
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Initial estimates on f;

@ Method of modified energy (MME): (u + f)
(i) High frequency: (ke > 1/2)

27qt N-1

Hqy (f)(t) < 6Hs(g)e™ =

(i) Low frequency: (0 < ke < 1) !

_ 2
Hy (F)(t) < 6Hg (g) e 22"

Initial estimate:

high frequencies
) X 2\t
Ifelz@o() <12 37 Hi(g)e™ # +
[kle>1/2 low frequencies
with 1
— |24 HE —2Xk%¢
C(g,0,t) max o(g);oe
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Initial estimates on f;

@ Method of modified energy (MME): (u <+ f)

N L]
N-1 L]
Initial estimate:
[ )
) « 72)\21t o b °
Ifellf2o(t) <12 ) Hg(g)e™ & +
IKle>1/2 ' ‘
ol e
f fi 2 f/u‘, fn

@ Next goal: f; is bounded by a finer estimate:

high frequencies

221t
Ifellfgag(t) <12 D" Hi(g)e & +Clg 0, 1)¢
N————

|kle>1/2

low frequencies

with

_ k 20 —2X,k%t
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Zoom-in estimates on £,

@ Moment equations

€0¢fo,k + aoikfi xk = 0,
e&f}g,k =+ azl'kfprl,k + al—likf[—l,k + %Q,k =0,

For low frequency terms (0 < |k|e < }): "Zoom-in procedure”

{=0;
{>1.

(0) For n >0, |fol(t) < ChOkOe™ 22K,

fo fi



Zoom-in estimates on f;

@ Moment equations

€0¢fo,k + aoikfi xk = 0, {=0;
€0¢fo i + acikfpiak + ap—1ikfo—1 + %fz,k =0, (>1

For low frequency terms (0 < |k|e < }): "Zoom-in procedure”

(0) For n >0, |fol(t) < ChOkOe™ 22K,

(1) Forn>1, N .
. 1 k -1 °
Ot | k] + Z‘fn,kl < < (an|fas1,k] + an—1|fa—1,4])
H [ )
< \2[—’3‘ (C;f"k(’e—*ﬂzf). 2 | .
€
1 ®
1fel(t) < e7§MO+ 2k /re’t(,;?s (Cé‘eokoefhkzs) ds ot e
' - ' V3e Jo [ S

k 0+1 _—Xpk3t
Coya ke

IN
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Zoom-in estimates on f;

@ Moment equations

€0ifo.k + aoikfi e = 0, L =0;
€0¢fo i + agikfpi1 k + ap—1ikfo—1 + %fz,k =0, ¢>1.

For low frequency terms (0 < |k|e < 1): "Zoom-in procedure”

(0) For n >0, |fosl(t) < Cle'kOe™22K,
(1) For n> 1, [fosl(t) < Cke'kte 22K,

N [ )
(2) Forn>2,
N-1 [ )
p 1 k
Ot |fo k] + g‘ﬁukl < < (an|fas1,k] + an—1|fa1,4]) iT .
< & (Clk€1kle—x2k2t) ) 2r .
B \/§€ 1+ °
0 ()
t —s
fosl(8) < € g™ + % [[eF (ctewe e
€Jo

k 141 —Xok%t
(G ke

IA
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Zoom-in estimates on f;

@ Moment equations

€0tfo k + aoikfy x = 0, =0
€0:cfo i + avikforr i + ae—1ikfo—1 + 2fo =0, £>1.

For low frequency terms (0 < |k|e < 1): "Zoom-in procedure”

(0) For n >0, |fosl(t) < CEKPe 22K,

(1) For n>1, |fkl(t) < Cf Kl ekt N ‘
(2) For n>2, |fosl(t) < Ck K2e 22K, v ’
HMethod of induction 2 | .
1 ®
(€) For n> ¢, |fil(t) < Cke'kle 22kt
0 L

fo fi fr .. fuar fy

MTa ke finest e-estimate

For any £ > 0, |fo.4|(t) < Cf Kle 2kt

summable over k
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Zoom-in estimates

@ Moment equations

€0:¢fox + aoikfix = 0, {=0;
€0cfo i + avikforr i + ae—1ikf—1u + 2fo =0, £>1.

1 k=0terms: foo(t) = H0(0),  €Difro+ Lfro=0for¢>1

At
2 High frequency terms, |k|e > %: decay exponentially O(e_71)
3 Low frequency terms, 0 < |k|e < %: f;x behaves like O(¢")

Lemma (Asymptotic approximation)

Given isotropic initial condition g € L?(dx), the coefficients f,(t,x) of the solution f" to
the Py equations satisfy

Apt

|Ifel|2ay (t) < B(g)e™ & + C(g,L,t)e’,  £>0.
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Consistency error

12 () = D el [Fa(as (1)
¢=N+1

Lemma

Given isotropic initial condition g € L?(dx),

A1t
171 2(duan) (£) < B(g)e™ & +V3C(g, N+ 1, t)eV L.
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Stability error

@ Stability error equation:

€0:&o,k + aoik&1x =0, {=0;
€0:&e. i + avik&or1,k + ar—1ik&e—1,6 + %&,k =0, 1<{(<N-1,
€0cbnk + an—1ikén—1.k + 2én ik = —anikfyiik, €= N.
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Stability error

@ Stability error equation:
€0:&o,k + aoik&1x =0, {=0;

€0:&e. i + avik&or1,k + ar—1ik&e—1,6 + %&,k =0, 1<{(<N-1,

€0cbnk + an—1ikén—1.k + 2én ik = —anikfyirk, £=N

0 (H5(€) + 5(©)) < — S HiCe Z

\f/\/+1 k|

@ Remark 1:

2
2
00 (HS(F)+ Hs(£) < —SHE(D) = D ¢yl
£=0
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Stability error

Stability error equation:

€0¢&o,k + aoikéi e = 0,
€0:&e. i + avik&or1,k + ar—1ik&e—1,6 + %&,k =0,
€0cbn,k + an—1ikén—1.k + &k = —anikfyik,

0 (HE(©) + K5(9)) < —SHA(©) Z >

?=0;

1<?¢<N-1;

=N
\fN+1k|

Remark 1: R
0. (HE() + W()) < — S HE(F) - > coelfuf
Remark 2:
£(0)=0
Remark 3:

[Ifuall = O

26/38



Stability error

@ Stability error equation:

€0:&o,k + aoik&1x =0, {=0;
€0:&e. i + avik&or1,k + ar—1ik&e—1,6 + %&,k =0, 1</<N-1,;
€0cbnk + an—1ikén—1.k + 2én ik = —anikfyirk, £=N

0: (HE(©) + 14(©) < — 5 HE(©) - Zcmfuu [funl

(i) High frequency: With estimate on source of the error coefficient system

221t

skl (t) < 12H; (g) e <

MME 2y 22qt

== Hi(&)(t) <6tk’Hi(g)e & =6tHs(dxg)e < .
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Stability error

@ Stability error equation:

€0:&o,k + aoik&1x =0, {=0;
€0:&e. i + avik&or1,k + ar—1ik&e—1,6 + %&,k =0, 1<{(<N-1,
€0cbnk + an—1ikén—1.k + 2én ik = —anikfyirk, £=N

0: (HE(©) + 14(©) < — 5 HE(©) - Zcmfuu [funl

(ii) Low frequency: With estimate on source of the error coefficient system

y2
fusr|(t) < CliyyV i kN2t

MME _oaok2
(C,}\(,+1)2k2(N+2)e 20Kt 2N+1)

Hq (€)(t) <

N ~+
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Stability error
@ Stability error equation:

€0:&o,k + aoikéi,k = 0,

! =
€0elok + avik€orr ik + ar—1ik€o—1 ik + L6k =0, 1<
€0ebn ke + an—1ikén—1k + 2én ik = —anikfniik, €=

2 2
00 (HE©) + H(©)) < ~ S HE©) — D cneleeal® + Sl

=0
(i) High frequency: HE(£)(t)

EIT:
<6t HY(0.g)e @
(ii) Low frequency: HE(€)(t) <

t k 21 2(N+2) . —2Xo k%t _2(N+1
72[CN 1] k ( )e 2 € ( )
Lemma

Given isotropic initial condition g € H*(dx),

2t t
[1€1]2(dpuan) () < C(d.g)Vte < + Vi

7 CleN+2, t)eV .
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Py error

Aqt
171]12(aay(8) < B(g)e™ 2 +V3C(g, N + 1, )"+

Jr

Mt t
€] 2(dpua) () < C(Dxg)V te Ea %C(ga N+2,t)e"
A

_ Mt
||eN||L2(dxd,u,)(t) < (B(g) + C(axg)\/f) e < + D(gv N7 t)6N+17
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Py error

Aqt
171]12(aay(8) < B(g)e™ 2 +V3C(g, N + 1, )"+

Jr

Mt t
€] 2(dpua) () < C(Dxg)V te Ea %C(ga N+2,t)e"

4

_ Mt
e llzaan() < (B(&) + C(2:g)VT) &= + D(g, N, 1)

2N+1 F °
2N - ® L]
[ )
) _ £ N
.Next. mornent errors é:g =1 .fl ves
with more tricky " Zoom-in" techniques

N+2
N+1
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Moment errors

Error equations:

€0¢&0,k + aoik&1,k = 0, {=0;
€0ebok + arik€opr e + a—1ik€o—1 o + 26k =0, 1<E<N-1;
€0ebn,k + an—1ikén—1,k + 2én ik = —anikfni1k, €= N.

For low frequency terms (0 < |k|e < 1): "Zoom-in procedure”

The previous result w41 f °
t 5 N b e °
k 2(N+2) g —22k?t 2(N+1)
HS(©)(8) < 3[ChTk : ]
yields, for 0 < n < N, N+3 L .
2 N+2 Y
< NFL NE2 2okt
[Eexl(t) S e ke .

52?’ 5}‘ 52“ 5,”1‘. g‘kj fNLl
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Moment errors

Error equations:

€0¢&0,k + aoik&1,k = 0,
€0elok + arik€oa e + a—1ik€o—1 + 2o =0,
€0ebn,k + an—1ikén—1,k + 2én ik = —anikfni1k, €= N.

{=0;
1</ N-1,

For low frequency terms (0 < |k|e < 1): "Zoom-in procedure”

For1<n<N,
1 2N +1 F °
Ocl&n k| + 5 16nk]
€ 2V e °
k
< z (a"*1|€"*1"<| + (1 - 6n,N)an|£n+1,k| + 5n‘NaN|fN+1,k‘) °
N | N+3 —Xpk? N3 b °
< MNPk
N+2 °
N+1
integrate over time |£n,k‘(t) 5 €N+2kN+3eiA2k2t ‘ ‘ ‘
& & 4 Mo N fua
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Moment errors

Error equations:

€0¢&0,k + aoik&1,k = 0, {=0;
€0ebok + arik€opr e + a—1ik€o—1 o + 26k =0, 1<E<N-1;
€0ebn,k + an—1ikén—1,k + 2én ik = —anikfni1k, €= N.

For low frequency terms (0 < |k|e < 1): "Zoom-in procedure”

Consider
@ smaller system {&,,}" "}
Y nk § n—0 W+1 b °
@ source term & wle °
Using MME gives, for 0 < n< N —1, L °
N+2 | N+4 _—Xok?t N+3 ¢ °
Enil(8) S Pk e T
N+2 ®
In particular,
N+1
N+2 N+4 _—Xpk%t
[okl(t) S ke ¢ & o d. d Ao
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Moment errors

Error equations:

€0¢&0,k + aoik&1,k = 0,
€0elok + arik€oa e + a—1ik€o—1 + 2o =0,

€0¢énk + an—1ikEn—1,x + %fN,k = —anikfyt16, £=N.

For low frequency terms (0 < |k|e < 1): "Zoom-in procedure”

?=0;

1</<N-1,

Forl1<n<N-1,

1 2N +1 F
Ocl&n k| + 5 1nk]

€ o b

k
< —(an—1]&n—1.4| + (1 = dn,n)anl&ns1,k] + On,nan| st k])
< EN+1kN+5e—)\2k2t N+3
- N+2
N+1

integrate over time |£n,k‘(t) 5 €N+3k/\/+5ef)\2k2t
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Moment errors

Error equations:

€0¢&0,k + aoik&1,k = 0, {=0;
€0ebok + arik€opr e + a—1ik€o—1 o + 26k =0, 1<E<N-1;
€0ebn,k + an—1ikén—1,k + 2én ik = —anikfni1k, €= N.

For low frequency terms (0 < |k|e < 1): "Zoom-in procedure”

Consider
@ smaller system {&,}\" 7
Y nk § n—0 NE1 F °
@ source term &n—1 « w e .
Using MME gives, for 0 < n< N — 2, L °
N N — oK%t N+3 ¢ o
[enkl(t) S PPk
N+2 ®
In particular,
N+1
N+3 | N+6 _—ok>t
[okl(t) Sk e ¢ & o d. d Ao
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Moment errors

Error equations:

€0¢&0,k + aoik&1,k = 0, {=0;
€0ebok + arik€opr e + a—1ik€o—1 o + 26k =0, 1<E<N-1;
€0ebn,k + an—1ikén—1,k + 2én ik = —anikfni1k, €= N.

For low frequency terms (0 < |k|e < 1): "Zoom-in procedure”

2N+1 [ ]
2N [ ] e
For0 < n<2, L o
2N 3N — Xkt Ne3 b
[€nil S e ke ’ :
N+2 ()
N+1
& d g o fun
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Moment errors

Error equations:

€0¢&0,k + aoik&1,k = 0, {=0;
€0ebok + arik€opr e + a—1ik€o—1 o + 26k =0, 1<E<N-1;
€0¢énk + an—1ikEn—1,x + %fN,k = —anikfyt16, £=N.

For low frequency terms (0 < |k|e < 1): "Zoom-in procedure”

For n=1,
1 2N +1 F .
Oe|&nk| + 7|fn,k|
€ ov b e .
k
< < (an—1lén—1,k| + (1 = dn,n)an|€nt1,k] + In,van| fnsrkl) o f .
N— N Y k2 N+3 L
< 2N=13NHL =Xkt
N+2 L
N+1
integrate over time ‘517k|(t) S 52N+1k3N+lei>‘2k2t ‘ ‘
& & ¢ Mo N fua
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Moment errors

@ Error equations:

€0t&o,k + aoik&1,k = 0, L=0:;
€0clok + arikEora i + a—1ik€o—1 ik + 16k =0, 1<E<N-1;
€0ebn ik + an—1ikén—1k + 2én i = —anikfyi1 e, €= N.

1 k=0terms: {o=0for0 </ <N

At
2 High frequency terms: decay exponentially O(efe%)
3 Low frequency terms: method of induction + MME
fO,k ~ O(E2N), fz,k ~ 0(62N+27£)

Theorem (Superconvergence in moments)
Given g € H'(dx), there exists an absolute constant A\ s.t.

At
C(o.g)vie < +E(g,N,2,t),  £=0
A1t
C(oxg)Vte & + E(g, N, £, 1)V 2~ 1<0<N.

I8¢l 2any (£) <
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Benefits from Py to Py,1




In main theorems,

Apt

€™l 2(axa () < Blg)e™

+ C(Og)Vie™® + D(g, N, t)eV+1,
Coxg)VEe ¥ +E(g. N2, )N, (=0

H£N||L2 dx (t) < it
£ C(Org)ie % + E(g, N, 0, 1)V +2—C 1< ¢ <N.

Observation Theory
1. eV = O(eN ) 1. eV < D(g, N, t)eV+!
2. a) & =0(") 2. a) & <E(g,N,2, 1)
b) other &' = O("*7) b) &' < E(g, N, ¢, t)e®V+279
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Using the error estimates to indicate the benefit from Py to Py.y1:

"] Dle,N+1,0"> _ D(g.N+1t) _
[leM]] D(g,N.t)eNet— D(g,N.t) — 7

if D(g, N, t) does NOT grow fast w.r.t. N. Similarly,

1€ E(g,N+1,4,¢) ,

~ e = 0(%).
162 E(g, N, ¢ 1)
Observation Theory
1. = O(eN ) 1. eV < D(g, N, t)eNV+t?
2. a) & =0(e) 2. a) & <E(g N,2,t)"
b) other &' = O(¢****7) b) &' < E(g, N, ¢, t)e@V+2=0
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Benefits of increasing N: ||e"]]2(4,.00)

N+1
[[e™ ]
l[eV]le
4,
3.5+
3,
25¢
2,
——c=1/2
1.5F ——c=1/8
e=1/32
1L ——ec =1/128|4
—o—¢=1/512
5 10 15 20 25 30 35
N
eV
a
(@) [leN]le
Errors of Py equations, N =1, --- ,40.
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Benefits of increasing N: ||§(I)V||L2(d><)

I _
11€0"]l€?
0
10"}
y 060690
——ec=1/2
——c=1/8
e=1/32
——e=1/128
. —e—e=1/512
%70 15 20 25 30
v
(a) ey 11
[ |
Errors of f" of Py equations, N =1,--- ,40.
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Benefits of increasing N: ||§{V||L2(d><)

(B[
N|| 2
162" |€
10'F
——ec=1/2
——c=1/8
. o e
——c= 4
10 ——e=1/512
5 10 15 20 25 30 35
i
[E3asl
(@) Jehre2
Errors of £" of Py equations, N =1, - -, 40.
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Benefits of increasing N: ||§£V||L2(d><)

I _
NJ| 2
11€2" €
10"}
——e=1/2
——c=1/8
c=1/32
100, —o—e = 1/128|4
—e—e=1/512
5 10 15 20 25 30 35
N
€|
a
(a) [ 1]
Errors of £ of Py equations, N =1, - - -, 40.
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The sum of the series

All these constants in the estimates are multiples of the following sum
2
an(s) =Y {k2”e_k S} :
k>0

with some n, s = 2\,t and the constant A\,, which has the same step behavior as
in the previous numerical benefits, and has the same growth rate as function

n!
an(s) ~

;7

and

sn s

(n+1)!/n! n+1

ant1(s)/an(s) ~ Tontl

We also have some analytic results to support this numerical observation.
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The sum of the series

s
On41
4 a,

(b) an:1(1.3)/an(1.3), n < 120

10’
eossgserect
——c=1/2 ——c=1/2
—o—c=1/8 —o—e=1/8
€=1/32 €=1/32
—o—e = 1/128] —o—c=1/128
—o—¢ = 1/512] o —o—¢ = 1/512]
1
5 10 15 20 25 30 35 0 5 10 15 20 25 30 35
N N
N+1 N+1
[|eN+L Hed ™
¢ 1 d 1
() [leN]]e ) () Hag’He?( )

L
2 @ E) 8 100 120
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Results: anisotropic i.c.




Numerical results

Super convergence properties relate to the highest non-zero moment of initial

condition g. Consider

)= @)
=0

numerical ‘ theoretical
mg =0,1 min{2N + ¢,2N + 2 — ¢}
2<mp<N+1 min{2N +2 — mg + £,2N +2 — ¢} 2N +1—mg + ¢
mg > N+1 min{N + 14 ¢,2N 42 — ¢} N+ ¢

Table: Numerical and theoretical orders of convergence rates for the ¢ moment.
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Numerical results

mg [ numerical | theoretical
my =0,1 min{2N + £, 2N +2 — £}
2<mg < N+1 min{2N +2 — mg + £,2N +2 — £}
my > N+1 min{N +1+¢,2N +2 — £}

Table: Numerical and theoretical orders of convergence rates for the £" moment.

2N +1 ¢ . 2N+1 + °
2N + @ ® 2N o O
2N -1 ¢ ® 2N -1 U
L ® - °
N+3 - ® N+3 F O
N+2 + ® N+2 +
. . . . . . . . .
g & & g g & ¢ &

Left:my = 0 or 1; right: mg = 2.
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Numerical results

numerical | theoretical
my =0,1 min{2N + £, 2N +2 — £}
2§m0<N+1 min{2N +2 — mg + £,2N +2 — £}
my > N+1 min{N +1+¢,2N +2 — £}

Table: Numerical and theoretical orders of convergence rates for the £" moment.
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. B
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2N +1—mo . 2N 41 - my .
® .
N+3 ® N+3 ®
N+2
N+2 ® + °
n " " N N N N ... NN . e e e e g e
o ¢ N N N o & $poy fp Sy N &
0 vy S fmyy S

2<my<N+1
Left: mg even; right: mg odd.
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Numerical results

mg [ numerical | theoretical
mg =0,1 min{2N + £,2N +2 — £}
2<myg <N+1 min{2N +2 — mg + £,2N + 2 — £}
my > N+1 min{N +1+¢,2N +2 — £}

Table: Numerical and theoretical orders of convergence rates for the £" moment.
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N NoF
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mo > N+1

Left: N odd; right: N even.
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Summary

@ A multiscale convergence property for the error of Py method, which is
O(eN+1), for linear kinetic equations with isotropic scattering, no absorption,
no source, and isotropic initial condition.

@ Super-convergence rate in the spectral approximation for each moment with
Py method.

@ Asymptotic estimates for moments, i.e., f, and £ are O(e).

@ Future work:
» optimal convergence rate for cases with anisotropic initial condtions
realistic domain with boundary conditions
non-zero absorption and sources
spatially dependent scattering and anisotropic scattering
alternative angular discretizations and nonlinear systems
error estimate for multiscale hybrid methods

Yy VY VvV VY
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Initial estimates on f;
@ Method of modified energy (MME): (u < f)

0. (HE(F) + H4()) < — S HE(F) > eralfeal

where
vk 1~k 3y 1~k

LA 1 ==————— Cyo=—=— —.
16¢€’ TET 2T 4 T 88k’ 2T @2 g

For each k, choose suitable -, and find positive lower bounds on {c, ;}?_,.

Cy,0 =
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Initial estimates on f;
@ Method of modified energy (MME): (u < f)

2
0 (HEF) +14()) <~ 2 HE(H) = D el feul?
=0
where
ok .=t _ak_ 3y -1 _ak
16¢’ TET 2T 4 T 88k’ e be’

Cy2 =
For each k, choose suitable -, and find positive lower bounds on {c, ;}?_,.

Cy0 =

(i) High frequency: (ke > 1/2)

. _high Ei < g
TET T 29 ke T 29
Then

0 (Hg(f) + h:(f)) < —& (Ho(f) + hﬁ(f))

2222%(%m+%myn§57(%wwﬂwn

2X1t

Hqs (f)(t) < 6Hs(g) e <

equivalence
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Initial estimates on f;
@ Method of modified energy (MME): (u < f)

00 (M 4 15(0) < - 2HE) S eyl

where
vk 1~k 3y _ 1 9k
e be’

16¢’ LT 2T 4 T 83k’

Cv,0 = Cy2 =

(i) Low frequency: (0 < ke < 1)
low 64 32
= <32
T 20" = 29

Then

00 (HE(N) + W () < ~ 2247 (Hi(F) + 15()

integrate in time (Hé((f) n h:(f)) (t) < efzkgkzt (H(l; (g) + hﬁ({ (g)>

equivalence Hg(f)(t) < 6H(l)< (g) 6—2/\2k2t.
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Initial estimates on f;

@ Method of modified energy (MME): (u < f)

(i) High frequency: (ke > 1/2) o 1S ,
HE(F) = 5 > Ifesd
Ho (F)(t) < 6Hy(g) e =0
I
fo
(i) Low frequency: (0 < ke < 1) { sum over k
fe

_ 2
Ho (F)(t) < 6Hg (g) e 22"
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Initial estimates on f;

@ Method of modified energy (MME): (u < f)
(i) High frequency: (ke > 1/2)

27qt N-1

Hqy (f)(t) < 6Hs(g)e™ =

(i) Low frequency: (0 < ke < 1) !

_ 2
Hy (F)(t) < 6Hg (g) e 22"

Initial estimate:

high frequencies
) X 2\t
Ifelz@o() <12 37 Hi(g)e™ # +
[kle>1/2 low frequencies
with 1
— |24 HE —2Xk%¢
C(g,0,t) max o(g);oe
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Initial estimates on f;

@ Method of modified energy (MME): (u < f)

N L]
N-1 L]
Initial estimate:
[ )
) « 72)\21t o b °
Ifellf2o(t) <12 ) Hg(g)e™ & +
IKle>1/2 ' ‘
ol e
f fi 2 f/u‘, fn

@ Next goal: f; is bounded by a finer estimate:

high frequencies

221t
Ifellfgag(t) <12 D" Hi(g)e & +Clg 0, 1)¢
N————

|kle>1/2

low frequencies

with

_ k 20 —2X,k%t
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Stability error

@ Stability error equation:

€0tk + aoik&1,k = 0, =0
€0clok + avik€osr e + ar—1ik€o—1 ik + L6k =0, 1<L<N-1;
€0cbnk + an—1ikén—1k + 2én i = —anikfnir i, £=N.
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Stability error

@ Stability error equation:

€0:&o,k + aoik&1k = 0, ¢ =0:
0ok + avik€or1k + ar—1ik€o—1k + Lk =0, 1<L<N-1;
€0eén,k + an—1ikEn—1,x + %5,\,,,( = —anikfys1k, £=N.

N N
2 an|k
03 leesl + 2D leek < 29 el
/=1

£=0

IN

1 k2
2762|€N,k|2 + €|fN+1,k‘2
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Stability error

@ Stability error equation:
€0:&o,k + aoik&1x =0, {=0;

€0:&e. i + avik&or1,k + ar—1ik&e—1,6 + %fl,k =0, 1<{(<N-1,
€0cbnk + an—1ikén—1.k + 2én ik = —anikfyirk, £=N

N
2, 2 2 anlk| 1 , k2 )
il < ZNI70 < = -
O t3 ; s - [En kg k] < e |Enk]” + 5 | 1.k
2 . - 2, 11, K 2
oc (H5(6) + (&) ngHs(ﬁ)*Zcmel&,kl + 5 16l + Tl sl
£=0
< - ZC‘MKZH + |fN+1k|
1. for f:
2
0r (HE(F) + B5(F)) < —SHA(F) -
2. &k(0)=0
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Stability error

@ Stability error equation:

€0:&o,k + aoik&1x =0, {=0;
€0:&e. i + avik&or1,k + ar—1ik&e—1,6 + %&,k =0, 1<{(<N-1,
€0cbnk + an—1ikén—1.k + 2én ik = —anikfyirk, £=N

0: (HE(©) + 14(©) < — 5 HE(©) - Zcmfuu [funl

(i) High frequency: With estimate on source of the error coefficient system
271t

K 2y
T [l (e) < 2K Ho (g) e

1t

MYE  E(E)(t) < 6t K2HE(g) e

oAt

=6t Hy(Dxg)e & .
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Stability error

@ Stability error equation:

€0:&o,k + aoik&1x =0, {=0;
€0:&e. i + avik&or1,k + ar—1ik&e—1,6 + %&,k =0, 1</<N-1,;
€0cbnk + an—1ikén—1.k + 2én ik = —anikfyirk, £=N

0: (HE(©) + 14(©) < — 5 HE(©) - Zcmmu [funl

(ii) Low frequency: With estimate on source of the error coefficient system

a2
|fN+1,k|(t) S C,l\<l+1EN+lkN+le Aok“t

MME K P S W PSR 2
MU () + H(©)) () < e [ ds
0

t _
f(C,f,+1)2k2(N+2)e 22,k%t 2N+

IA
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Stability error
@ Stability error equation:

€0:&o,k + aoikéi,k = 0,

! =
€0elok + avik€orr ik + ar—1ik€o—1 ik + L6k =0, 1<
€0ebn ke + an—1ikén—1k + 2én ik = —anikfniik, €=

2 2
00 (HEE) + H(©)) < ~ S HEE) — D cneleeal® + Sl

=0
(i) High frequency: HE(£)(t)

EIT:
<6t HY(0.g)e @
(ii) Low frequency: HE(€)(t) <

t k 21 2(N+2) . —2Xo k%t _2(N+1
72[CN 1] k ( )e 2 € ( )
Lemma

Given isotropic initial condition g € H*(dx),

2t t
[1€1]2(dpuan) () < C(d.g)Vte < + Vi

7 CleN+2, t)eV .
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Benefits of increasing N: ||e"]]2(4,.00)

ry Py > Py & >
4
-20 | B
10 35
3
10-40 L 4
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1070} 1 2
——ec=1/2 ——ec=1/2
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——c=1/128 1 ——e=1/128
—o—e=1/512 —e—e=1/512
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N+1
(@) |leM]], in logarithm scale (b) w;NHl
Errors of Py equations, N =1, .-, 40.
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Benefits of increasing N: ||56V||L2(d><)

100+ 1
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Errors of fON of Py equations, N =1,--- ,40.
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Benefits of increasing N: ||f{V||L2(dX)

1050+ ]
10"t
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Benefits of increasing N: ||f£v||L2(dX)
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